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Abstract
By using a non-perturbative expansion and the dispersion relation for the Adler
D–function we propose a new method for constructing the QCD effective coupling
constant in the timelike region.
The perturbative expansion is a powerful tool for performing calculations in quantum
chromodynamics. Perturbation theory with renormalization group improvement has been
widely applied to the description of various processes in both the spacelike and timelike
regions. However, as is well known, the running coupling constant αS(Q
2), the expansion
parameter in QCD perturbation theory, is usually defined in the Euclidean range of mo-
mentum. If one wishes to know the “running coupling constant” in the timelike region,
and how it evolves, one must make use of some analytic continuation from the Euclidean
( spacelike ) region to the timelike region. To this end one usually applies the dispersion
relation for the Adler D–function [1]
D(q2) = − q2
∫
∞
0
d s
(s− q2)2
R(s) , (1)
where
D(q2) = q2 (−
d
d q2
) Π(q2) (2)
and the function Π(q2) is defined by
i
∫
d4x exp(i q.x) 〈0| T {Jµ(x) Jν(0)}|0〉 ∝ (qµ qν − gµν q
2) Π(q2) (3)
and
R(s) =
1
2πi
[ Π(s+ i ǫ) − Π(s− i ǫ) ] =
1
π
ImΠ(s)
= −
1
2πi
∫ s+i ǫ
s−i ǫ
d z
z
D(z) . (4)
The assumptions for writing these equations are the following: the function Π(q2) is an
analytic function in the complex q2–plane with a cut along the positive real axis, and the
dispersion relation for the D–function does not require any subtractions. The contour in
Eq. (4) goes from the point z = s − i ǫ to the point z = s + i ǫ and lies in the region
where the function D(z) is an analytic function of z ( see Figure 1 ).
Let us represent the functions D(q2) and R(q2) in the form
D(q2) ∝
∑
f
Q2f [ 1 + d0 λt(q
2) + d1 λ
2
t (q
2) + · · · ]
≡
∑
f
Q2f [ 1 + d0 λ
eff
t (q
2) ] , (5)
2
and
R(s) ∝
∑
f
Q2f [ 1 + r0 λs(s) + r1 λ
2
s(s) + · · · ]
≡
∑
f
Q2f [ 1 + r0 λ
eff
s (s) ] , (6)
where we use the definition λ = αS/(4π). The index t means “t–channel” ( the spacelike
region ) and s means “s–channel” ( the timelike region ). The coefficients d0 in Eq. (5)
and r0 in Eq. (6) are numerically equal; thus Eq. (1) leads to a dispersion relation relating
the effective coupling constants in the t and s channels:
λefft (q
2) = − q2
∫
∞
0
d s
(s− q2)2
λeffs (s) . (7)
The solution of Eq. (7), given the analytic properties of λefft (t), is
λeffs (s) = −
1
2πi
∫ s+i ǫ
s−i ǫ
d z
z
λefft (z) (8)
Thus, Eq. (8) serves to define the running coupling constant in the timelike region. If
we use the leading one–loop approximation for the running coupling constant λefft in the
t–channel,
λefft (z) =
1
b0 ln(−z/Λ2),
(9)
where b0 = 11 − 2nf/3 is the first coefficient of the β–function and nf is the number of
flavours, we obtain
b0 λ
eff
s (s) =
1
π
arctan
π
ln(s/Λ2)
=
1
ln(s/Λ2)
−
1
3
π2
ln3(s/Λ2)
+ · · · (10)
Thus, one might conclude that the main effect of the analytic continuation from the
spacelike to the timelike region is an additional contribution ( the so-called π2–term )
of order 1/ ln3(s/Λ2). The π2–terms play an important role in the analysis of various
processes. For example, in the τ–lepton region, where αS ≃ 0.35 ( see, for exam-
ple, a discussion in Ref. [2] ), the π2–correction is about twenty percent and the ratio
R(s) = λs(s)/λt(q
2) ≃ 0.8 for s = − q2 = M2τ . The π
2–terms and the problem of the
construction of the running coupling constant in the timelike domain have been discussed
in detail in Refs. [3-7].
However, the one–loop approximation to λefft breaks the analytical properties of λ
eff
t (z)
for which we wrote the solution (8). Indeed, the function λ1−loopt has an infrared singularity
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at z = −Λ2, which contradicts the assumption that the function λefft (z) has only a cut in
the complex z-plane. A consequence of this is the fact that Eq. (7) does not reproduce the
original one–loop coupling constant in the t–channel if we use for λeffs (s) the “solution” in
the form of Eq. (8). In order to maintain the analytic properties of λeff one must make
some modification to the initial coupling constant, which is to be substituted into Eq. (8).
From a phenomenological point of view such modifications can be made in an ad hoc
manner, with no fundamental justification. In the present note, however, we construct
the running coupling constant in the timelike domain in the well-motivated framework
of the non-perturbative method proposed in Ref. [8], which allows one systematically to
determine the low energy structure in QCD. The method is based on the introduction
of a new small expansion parameter. For small coupling constant αS(Q
2) the series thus
obtained coincides with standard perturbation theory, so that high energy physics is
essentially unaffected. Moreover the method continues to be valid in the nonperturbative
region, where αS(Q
2) ≥ 1, since the expansion parameter in this approach remains small.
The approach is related to the method of the Gaussian effective potential [9-12], the
linear δ–expansion [13,14] and the approach based on variational perturbation theory
[15,16]. Within these approaches the investigated quantity is written from the very be-
ginning in the form of a series which provides a well-determined algorithm for calculating
corrections up to any order. In addition, the series contains some auxiliary parameters
which allow one to control the convergence properties of the series and to construct an
expansion based on a new small parameter, as in this paper. The exact value of a given
quantity is independent of these parameters. However, the corresponding approximate
result contains a residual dependence upon those variables, and we may choose the latter
so as to provide the best approximation to the quantity. A similar situation holds in stan-
dard perturbation theory for the total cross section for e+ e− annihilation into hadrons:
the physical quantity Re+e− is independent of a renormalization scheme, whereas a fi-
nite perturbative approximation to Re+e− is scheme dependent ( in this connection see
Refs. [17,18] ).
The method described in Ref. [8] starts with the standard action of QCD, written as
S(A, q, ϕ) = S2(A) + S2(q) + S2(ϕ) + g S3(A, q, ϕ) + g
2 S4(A) , (11)
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where S2(A), including the gauge–fixing term, S2(q) and S2(ϕ) are the standard free
actions of the gluon, quark and ghost fields, while S3(A, q, ϕ) contains the trilinear vertices
and S4(A) the four-point gluon vertex. By use of an auxiliary field χµν the latter action
can be rewritten as a trilinear action between A and χ, so that S becomes
S(A, q, ϕ, χ) = S2(q) + S2(ϕ) + S2(χ) + S(A, χ) + g S3(A, q, ϕ) . (12)
We then introduce a new split between the free and interaction parts of the action
according to
S(A, q, ϕ, χ) = S ′0(A, q, ϕ, χ) + S
′
I(A, q, ϕ, χ) , (13)
where
S ′0 = ζ
−1[S(A, χ) + S2(q) + S2(ϕ)] + ξ
−1 S2(χ) , (14)
and
S ′I = g S3(A, q, ϕ)− (ζ
−1 − 1) [S(A, χ) + S2(q) + S2(ϕ)]− (ξ
−1 − 1)S2(χ) , (15)
thus introducing two variational parameters ξ, ζ . However, it turns out [8] that the two
parameters must be related by ξ = ζ3 in order to preserve gauge invariance. After a
rescaling of the fields we obtain the following expression for a general Green function:
G(· · ·) =
∫
DQCD (· · ·) V (A, q, ϕ) exp(i S0) , (16)
with
V (A, q, ϕ) =
∑
n
n∑
k=0
1
(n − k) !
(−
∂
∂ κ
)
n− k ik
k!
1
[ 1 + κ (ζ−1 − 1) ]ν/2
× [g3 S3(A, q, ϕ)]
k exp{ i [ g24 S4(A) ] } , (17)
where
g3 =
g
[ 1 + κ (ζ−1 − 1 ) ]3/2
, g4 =
g
[ 1 + κ (ξ−1 − 1)]1/2
(18)
Here S0 is the standard free action of QCD and κ is a parameter introduced for convenience
which is set equal to 1 at the end of the calculation.
Analysis of the structure of this variational perturbation series shows that it can be
organized in powers of the new small parameter a ≡ 1−ζ if the standard coupling constant
g is related to a by
λ =
g2
(4π)2
=
1
C
a2
(1− a)3
, (19)
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where C is a positive constant. It is clear that for all values of λ ≥ 0 the expansion
parameter a obeys the inequality 0 ≤ a < 1. The variational parameter C is fixed, for
example, by requiring the correct properties of the β–function in the infrared region, as
is discussed in more detail below.
The result of the expansion for the expression (17) to order a3 is
V = 1 + aA3 + a
2
[1
2
A3
2 + A4 +
3
2
A3
]
+ a3
[1
6
A3
3 +
3
2
A3
2 + A3A4 + 3A4 +
15
8
A3
]
+ O(a4) , (20)
where A3 = (iS3)/P , A4 = (iS4)/P
2 and P = C/(4π)2.
Within this approach the one–loop β–function is
β(3)(λ) = −
b0
C2
a4
(2 + a) (1− a)2
(2 + 9 a) . (21)
Here we must make some comments. The one–loop level that we use here allows us to
calculate the renormalization constant Zλ both to O(a
2) and to O(a3). The expression
(21) gives the O(a3) result, while β(2)(λ) is obtained by simply omitting the term 9 a in the
final bracket of Eq. (21). We will apply the phenomenon of induced convergence whereby
the variational parameter is not fixed for all orders but rather depends on the order of
the expansion. As was empirically noticed in Ref. [19] the results seem to converge if one
changes the variational parameter from order to order using some variational principle.
The induced convergence phenomenon has been discussed in detail in Ref. [20]. In Ref. [14]
the convergence of the optimized δ–expansion has been proved in the cases of zero and
one dimensions.
The constant C is determined by insisting that at an appropriately large value of λ the
β–function should behave like − β(λ)/λ ≃ 1, which ensures the correct infrared behaviour
of the running coupling constant: αS(Q
2) ∼ Q−2. This singular infrared behaviour of
the coupling constant leads to the linear part of the quark–antiquark potential which is
in agreement with the phenomenology of hadron spectroscopy. In O(a2) and O(a3) we
find C(2) = 0.977 and C(3) = 4.1 respectively [21].
By using the renormalization group equation
ln
Q2
Q20
=
∫ λ
λ0
d λ′
β(λ′)
, (22)
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we obtain
ln
Q2
Q20
=
C(i)
2 b0
[
f (i)(a) − f (i)(a0)
]
, (23)
where
f (2)(a) =
2
a2
+
12
a
+ 21 ln
1− a
a
−
9
1− a
,
f (3)(a) =
2
a2
−
6
a
− 48 ln a−
18
11
1
1− a
+
624
121
ln (1− a) +
5184
121
ln (1 +
9
2
a) . (24)
The parameter a0 and the momentum Q0 in Eq. (23) are defined by some normalization
point for our effective coupling constant
λ
(3)
t (q
2) =
a2
C(3)
( 1 + 3 a ) . (25)
The effective coupling constant λ
(2)
t (q
2) is obtained from Eq. (25) by omitting the term 3a
in the final bracket and using the constant C(2) instead of C(3). To fix a0 we use the value
of the running coupling constant measured at the τ–lepton mass [2]: Q0 = Mτ = 1.777
GeV and αS(Mτ ) = 0.35. In Figure 2 we show the behaviour of our running expansion
parameter a(Q2) in the t–channel, obtained from (23) using f (3)(a). As one can see, this
parameter is indeed small in a wide range of Q2, and approaches 1 for very small Q2.
Moreover, the effective expansion parameter in the method is actually a2(Q2), with the
O(a4) coming in at two–loop level. Thus, the real expansion parameter is more or less
that shown in Figure 2.
Note that at large Q2 = − q2 the effective coupling constant (25) essentially coincides
with the perturbative coupling constant. However, at small Q2 their behaviours are
quite different. While the perturbative coupling constant has a singularity at Q2 = Λ2,
the effective coupling (25) is finite at all values of Q2 ≥ 0. As follows from Eq. (23),
the effective coupling constant (25) has a cut along the positive q2–axis. Thus, our
approximation for the effective coupling constant in the t–channel does not contradict
the dispersion relation (7), and we can make use of Eq. (8) to find the effective coupling
constant in the s–channel.
By using Eq. (8) one finds
λ(i)s (s) =
1
2πi
1
2 b0
[φ(i)(a+) − φ
(i)(a−) ] , (26)
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where
φ(2)(a) =
1
1 − a
[ 2 − 11 a − 4 (1− a) ln a + 3 (1− a) ln (1− a) ] (27)
and
φ(3)(a) = −4 ln a −
72
11
1
1 − a
+
318
121
ln (1 − a) +
256
363
ln (1 +
9
2
a) . (28)
The values of a± obey the following equation (from Eq. (23))
f(a±) = f(a0) +
2 b0
C
[ ln
s
Q20
± i π ] . (29)
In order to check our calculations we substituted λs(s) obtained from (26) into Eq. (7),
and found good agreement with the initial λefft (q
2). In Figure 3 we show the behaviour
of Re a(s) and − Im a(s) in the s–channel, working to O(a3). For O(a2) we obtained a
similar result. In Figure 4 we show the behaviour of the ratio R(s) = λ(i)s (Q
2)/λ
(i)
t (q
2)
with s = Q2 = − q2 versus s for i = 2 (dashed line) and i = 3 (solid line). The
value of R(s) for s = M2τ is about 0.93, which represents a smaller correction than
the perturbative π2-correction of Eq. (10). The agreement between successive orders is
confirmation of the mechanism of induced convergence. As follows from the results we
have obtained, the effects of analytic continuation can be essential for the definition of
the QCD coupling constant from timelike processes, for instance from τ–decay. We plan
to discuss this problem in future publications.
The authors would like to thank D.I. Kazakov, A.N. Sissakian and O.P. Solovtsova
for interest in the work and useful comments. One of us (H.F.J.) is grateful to the Royal
Society for a travel grant, the other (I.L.S.) would like to thank the Russian Science
Foundation ( Grant 93-02-3754 ) for financial support.
8
References
[1] P.D. Adler, Phys. Rev. D10, 3714 (1974).
[2] S. Narison, Preprint CERN-TH.7188/94, PM 94/08, 1994.
[3] M.R. Pennington, G.G. Ross, Phys. Lett. 102B, 167 (1981).
[4] N.V. Krasnikov and A.A. Pivovarov, Phys. Lett. B116, 168 (1982).
[5] J.D. Bjorken, Preprint, SLAC–PUB–5103, 1989.
[6] S.G. Gorishny, A.L. Kataev and S.A. Larin, Phys. Lett. B259, 144 (1991).
[7] A.V. Radyushkin, Preprint JINR, E2-82-159, 1982.
[8] I.L. Solovtsov, Phys. Lett. B327, 335 (1994).
[9] P.M. Stevenson, Phys.Rev. D30, 1712 (1985); Phys.Rev. D32, 1389 (1985); I. Stancu
and P.M. Stevenson, Phys.Rev. D42, 2710 (1990).
[10] A. Okopinska, Phys.Rev. D35, 1835 (1987); Phys.Rev. D36, 2415 (1987).
[11] A.N. Sissakian, I.L. Solovtsov and O.Yu. Shevchenko, Phys.Lett. B313, 367 (1993).
[12] V. Branchina, P. Castorina, M. Consoli and D. Zappala, Phys. Lett. B274, 404
(1992); M. Consoli, Phys. Lett. B305, 78 (1993); V. Branchina, M. Consoli and N.M.
Stivala, Z. Phys. C57, 251 (1993); M. Consoli and P.M. Stevenson, Rice University
Preprints, DE-FG05-92ER40717-5, DE-FG05-92ER40717-9, 1994.
[13] A. Duncan and M. Moshe, Phys. Lett. B215, 352 (1988); A. Duncan and H.F. Jones,
Nucl. Phys. B320, 189 (1989); H.F. Jones and M. Moshe, Phys. Lett. B234, 492
(1990); C.M. Bender, F. Cooper, K.A. Milton, M. Moshe, S.S. Pinsky and L.M.
Simmon, Jr., Phys. Rev. D45, 1248 (1992).
[14] I.R.C. Buckley, A. Duncan and H.F. Jones, Phys. Rev. D47, 2554 (1993); A. Duncan
and H.F. Jones, Phys. Rev. D47, 2560 (1993).
9
[15] A.N. Sissakian and I.L. Solovtsov, Phys. Lett. A157, 261 (1991); Z. Phys. C54, 263
(1992); A.N. Sissakian, I.L. Solovtsov and O.P. Solovtsova, Phys. Lett. B321, 381
(1994); Mod. Phys. Lett. A9, 2437 (1994).
[16] A.N. Sissakian, I.L. Solovtsov and O.Yu. Shevchenko, Phys. Lett. B297, 305 (1992);
Int. J. Mod. Phys.A9, 1797 (1994); Int. J. Mod. Phys. A9, 1929 (1994); L.D. Korsun,
A.N. Sissakian and I.L. Solovtsov, Int. J. Mod. Phys. A8, 5129 (1993).
[17] J. Chyla, A.L. Kataev, and S.A. Larin, Phys. Lett. B267, 269 (1991).
[18] A. C. Mattingly and P. M. Stevenson, Phys. Rev. Lett. B269, 1320 (1992); Phys.
Rev. D49, 437 (1994).
[19] W.E. Caswell, Ann. Phys. 123, 153 (1979); J Killingbeck, J. Phys. A14, 1005 (1981).
[20] P. M. Stevenson, Phys. Rev. D23, 2916 (1981); Nucl. Phys. B231, 65 (1984).
[21] I.L. Solovtsov, Phys. Lett. B (to be published).
10
Figure Captions
Figure 1 The integration contour in Eq. (4).
Figure 2 The behaviour of our running expansion parameter a(Q2) in the t–channel.
Figure 3 The behaviour of Re a(s) and − Im a(s) in the s–channel at Ø(a3).
Figure 4 The behaviour of the ratio R(s) = λ(i)s (Q
2)/λ
(i)
t (q
2) with s = Q2 = − q2
versus s for i = 2 ( dashed line ) and i = 3 ( solid line ).
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